An analysis of crystal dissolution fronts in flows through porous media by Duijn, C.J. (Hans) van et al.
Centrum voor Wiskunde en Informatica
REPORTRAPPORT
An analysis of crystal dissolution fronts in flows through porous 
media
  Part 2: Incompatible boundary conditions
C.J. van Duijn, P. Knabner, R.J. Schotting
Department of Analysis, Algebra and Geometry





1090 GB  Amsterdam
The Netherlands
CWI is the National Research Institute for Mathematics
and Computer Science. CWI is part of the Stichting
Mathematisch Centrum (SMC), the Dutch foundation
for promotion of mathematics and computer science
and their applications.
SMC is sponsored by the Netherlands Organization for
Scientific Research (NWO). CWI is a member of
ERCIM, the European Research Consortium for
Informatics and Mathematics.
Copyright © Stichting Mathematisch Centrum
P.O. Box 94079, 1090 GB  Amsterdam (NL)
Kruislaan 413, 1098 SJ  Amsterdam (NL)
Telephone +31 20 592 9333
























































Õ&Ü Ï«×æOÙ{ÔCÑ¨áWÜßÙmÜ ÕÖ{Õ&Ü Ï×ÞÔCÑ¼Ö{á¨Õ&Ü Ï«×mçèÜÛ×qâmÑ{×WÑ{ÔCÖmÒ¯×ÏlÕªÜß×Ñ¨é«ÚÜ Ò Ü	ê{ÔÜ	ÚÍ!çèÜ ØØÕ$ÚÐÜ Ñ¨Ðëíì â×WÏÔaÜÛ×â%ÐiÜ îÚ¼å
Ø;Ü Ï×{æ{ÐiÜ Ø¨Ù{Ñ{Ô)Ø;Ü Ï«×ïÕ$ðÑFÜÛ×Ü Õ&Ü ÖmÒñÖmÒÛÚÑ£Ù{ÔCÏ«êÒ Ñ{Í3ÓwÏÔ-Ù{Ü Ñ¨á¼Ñ¨òÜ Ø&Ñ£á¨Ï×WØ&ÕÖ×ÕoÜß×{Ü Õ&Ü ÖmÒØ&ÕÖ{ÕÑ¨ØtÜ Ø!Ø&Õ$ÚWÐiÜ Ñ¨Ðç
ò5ðÜ á{ð[Ñmë âGëóÓwÏÔ5Ü Ï«×Ü áªØ¨Ù{Ñ¨áÜ Ñ¨ØFÜÛ×áÒÛÚ{ÐmÑ[ÖEá{ðÖ×WâmÑEÏ{Ó5Õ$ðÑªÜ Ï×Ü áEá¨ÏÍ(ÙÏlØ;Ü Õ&Ü Ï«×ÏjÓ-Õ$ðÑFØÏiÒÛÚÕ&Ü Ï×ë
ô5ðÑoÍ-Ö{Õ$ðWÑ{Í-Ö{Õ&Ü á¨ÖmÒØ&ÏÒßÚWÕ&Ü Ï«×mç ×Ñ¼ÖmÔÒ õ(Ñ$öiÙ{Ò Ü á{Ü Õ&Ò õ!ÓwÏ«Úm×WÐEê¨õJÕ$ðWÑoÍ-Ñ¨Õ$ðÏÐtÏjÓ,á{ðÖlÔCÖ{á¼ÕÑ{ÔaÜ Ø&Õ&Ü á¼Ø÷ÚlÙ!ÕÏ
Õ$ðÑtø$×lÚmÍ-Ñ{ÔÜ á¨ÖmÒßùflØ&ÏÒßÚWÕ&Ü Ï«×FÏ{ÓÖ×tÜß×WÕÑ¨âÔ)ÖmÒUÑ¨é«ÚÖ{Õ&Ü Ï×tÓÏÔ,Õ$ðÑóÙ{ÏmØ;Ü Õ&Ü Ï×FÏjÓ³Õ$ðWÑ!ÐiÜ Ø&ØÏiÒÛÚÕ&Ü Ï×óÓ&Ô)Ï×Õ$ç
Ñ$öðÜÛêÜ Õ-Ö!âlÑ{×Ñ{Ô)ÖmÒ Ü ú¨Ñ¼ÐèÑöiÙWÖ×ÐiÜÛ×â[Ù{Ò Ö{ÕÑ¨ÖÚ¼å¦ØÕ$ÔwÚWá¨Õ$ÚmÔ)ÑoÐmÑ¨ÕÑ{ÔÍJÜÛ×ÑWÐ[ê¨õJÕ$ðWÑ-ÐÜ ØØ&ÏiÒÛÚÕ&Ü Ï×oÓ&Ô)Ï×WÕÖ×Ð










ô Ô)Ö×Ø¨Ù{ÏÔ)Õ$ç5Õ$ÔCÖ{ñWÑÒ Ò Ü	×Wâò Ö{ñÑ{çá{ÔCõWØ&ÕÖmÒ=ÐiÜ Ø&ØÏiÒÛÚÕ&Ü Ï«×mçtÙ{ÏÔCÏ«ÚØEÍ-Ñ¼ÐiÜ Öç























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































ff fiÙ¿ 5fliµ "#$iµ
Î[2l859
&N.',;?N254+25?[1$D$9-?2xSAJ94p(+4>1
&.>094+(L1
&??-,/.+.+9S;<(:,;9&t04>258C,e0-,e(+1(',/9
&HYµ6!*254>2(>*2mk,;&2Q(',;8Q.m9A(+*N2m4+25185(',/9
&c,;.
(+1k
25&c,;&-(>9O1
858Q9
<&-(5YµM<(l?-,jGÁ<N.',;9&t?,;.+03254>.+,/9
&,;.g,;f&9
4>25?HPfi`!*N21002Q1
4+1&852¾1
&?=25n
9S;<(:,;9&[9A!1 ?,;.+.>9S/<(',/9
&
AJ4>9
&-(HAJ4>9
DI859
4>4+25.>09&?-,/&fm,/&-,;(:,;1S.+(>1
(+2Q.5Y,JPR2Pµ(+*2!ô7,/25D$1
&&g04+9M-S;25DÍ9A(>*27*o@-03254+M39Sj,;8!.>@o.>(+25DY,;.^,;&-n
2Q.+(',/f
1(+25?HP
`!*2µ,/&-,;(:,;1S.+(>1
(+2Q.HAJ94(+*N2fl
8C*14+f
2?-,;.>(+4',/M<(:,;9
&ffiB1
4+2,;&N859
D$01(',/M-S;2L,/&mf
25&N254+1SJY,ªP 2P(>*2fl,/9
&-,/8r8Q9
D$039
.',/(',/9
&
9A3(+*2q<-,/?8C*1&f
25.QP`!*N2rD$25(>*9-?m9A38*N1
4+185(+2Q4',;.>(',/85.7S;251?.µ(+9l1p&N251
4:S;@m2CÚ0-Sj,;8C,/(r4>2504>25.+25&-(>1
(',/9
&$9A(+*27.+9S;<(:,;9&HY
6!*254>2O9
&S;@[1
&,;D$0-Sj,;8C,/('S/@F?2CÀ&N25?)AJ<&N85(',/9
&¥a
JÂ-
g*1
.$(>9bM3225n1S/<1
(>25?)&-<D$254',/851SjS;@)1
&N?òMN1
.+2Q?ò9&­a)1&
,;&-(>25f
4>1S25h-<1
(:,;9&
ZË
_|7*1.p(+9$M32m.>9S;n25?=&o<ND$254',/851SjS;@

9
4p4>1
(>*254p(>*2m(>4+1
&N.'AJ94+D$25?O2Qho<N1
(',/9
&
'Ó
É
CY
ZÓË
+xPr`!*2
M1.',;8 0-S;1(+251<-dZ.>(+4><85(+<N4+29A(>*2l.+9S;<(:,;9
&¾,/.!4+25n251S/25?OM32C,;&f$8C*14+185(+254:,;ê52Q?bM-@$(+*N2B?,;.+.>9S/<(',/9
&AJ4>9
&-(

uü



67,;(>*[.+032525?S;2Q.+.E(+*1&[s-Y6!*2Q4+2

AJ9
4l&9&-d'25h-<-,iSj,;M4:,;<Dfi

Áã

1
&?

oã

1
4>2$?-,;.>859
&-(',/&-<9
<.$1&?[(+*N2Eq<-,;?
9
4E.+1Si,/&-,;('@AJ4+9&o(


s

Yr6!*2Q4+21&?

oã

14+2¾?-,;.>859
&-(',/&-<9
<.QP
Þ
859D$01
4:,;.+9&9AB.+9S;<(:,;9&.$2CS;<N8C,;?1(+25.
(+*N2O4+9S;29Amk,;&2Q(',;8Q. 1&?)9Al?-,iGH<.',/9
&t?-,;.>02Q4+.>,;9&HYm6!*-,;8C*F(><4+&N.$9
<($(>9[M2O.:,;DE,jS;1
4QYpM<(E,/&)?25(+1,iSm?-,jGÁ254>25&-(
D$258C*1&-,;.>D$.5P)%'&1
?N?-,;(:,;9
&Y?N<2(+9=&9
&-d'25h-<-,jSi,;MN4',;<NDYp(+*2?-,/.+.>9S;<N(',;9&)AJ4>9
&-(
ü
9
&-S/@.+(>1
4>(+.$(+9=D$9n
2¾1AJ(>254E1
039
.',/(',/n
2$(',/D$2

Ð
Y^67,;(+*=039
.',/(',/n
2fi.:S;902Yµ6!*-,/8*c,;D$0Si,;2Q.1?-,/.+859&o(:,;&-<-,/('@=,;&

Hã
3
1
(


s




Ð
xP 	25851
<N.+2
9Aµ(+*2Q.+2E04+90254>(',/25.l(+*2m.>9S/<(',/9
&.l1
4>2l04',/&8C,;0N1SiS/@b?,iGH254+25&-(LAJ4>9
DÙ(>*2m(+4>1n
2CSjSi,/&ffi671n
2l.+9S;<(:,;9&.l9Aæ]^14+(m_LAJ94

8Q9
D$01(',;MS;2¾M9<&?14+@fi8Q9
&?-,/(',/9
&.L1
&?9
&S;@$S/9-851Sµ859
&-n
2Q4+f
2Q&852E851
&M32B2xÚ032585(>25?cAJ9
4

ð
¹
P

Ë
!( "Å(l¦(g 5(*µ
T/_xWfl	4+@
1&-(5Y
Ý
P éæP/Y
Ý
8C*2Q8*-(>2545YôlP
Ý
P#é1
k2YéµPRÎ\P/Y¾,;&2Q4+1S
Ý
2Qho<N25&8525.º,;&b]æ4+258C,/0-,;(>1
(:,;9
&3t
ìº,;.>.+9Se<(:,;9&[Î[1n
25.QY
p
Z¨X }
%$mc
¤
x&Gz'&(&

_
ÕÓ
Ñ
CY-00[_

Ñ
_Cd5_
Ó
Ñ
P
T

Wflæl25?N?25.5Y!KgP õgP/Y
!<ND$254',/851Sp%'&-(+2Qf
4+1(',/9
&[,/&1
Ý
@oDEM39Si,/851SBÜ79&-(+2CÚ(5Y%'&} 	ºPrÜ7*14

25?P xY] x;c¬¨v¼v¨ylCO isècj
ü*)=©ªüp
X+
²,Y
Þ
Ü!ø]æ4+25.>.

_
Õ
ÓË
CY0N0ffi_
Ó
É
dx_
Õ
_P
TRVXWÊKL&1
MN&2545Y]^P/Y-þ1
&$ìL<-, ×Q&HYÜLP-NP.#IØ!25&Nf
.+(QY
Ý
P/Y
Þ
&$1
&1S;@-.',/.!9AH854+@-.>(+1S?,;.+.>9S/<(',/9
&¾AJ4+9&-(+.,;&Eq96!.7(+*4>9
<f*
039
4+9<.pD$2Q?-,;1NP]^14+(m_}!Ü79
D$01(',/M-S;2EM9<&?14+@¾859
&?,;(',/9
&.QY,pJyL¨z{G¬¨vs5C
Y
zuwvx0/-vs;c
¤
x;¬¨v$sQYþ9S
x.1
Yßº9
V

_
Õ
ÕÉ
CY0N0ffi_
Ñ
_xdx_
Ó
É
P
T
Â
WÊéH2Qþ25h-<2YôlP-NP;Y9!<ND$254',/851Sr25(>*9-?.7AJ94pÜ79
&.>254+n1(',;9&béH16!.QY)	µ,/4+k-*JÖ1<.+254lþ2Q4'S;1fY)	1
.>2CSJY_
ÕÕ

P
T
É
W
Ý
8C*-6r2x,;8C*HYÁìgP/Y
Ý
14+?-,/&HY=P#-
1<ê52C,/&HYÁffiP;Y]µ4>9
03254+(:,;25.!9AÜ79
&852Q&o(>4+1(',;9&fiÎ[1n25.^,;& ]æ4+25.>25&852m9AÁ&N9
&-Sj,;&2514
Ý
94+0(:,;9
&Yr]µ4+258x,;0-,/(+1
(:,;9&t
ìº,;.>.C9S;<N(',e9
&HY!1&?ffiØº9
D$9f
25&2Q9
<.ôº251
8Q(',;9&._PÌ<&N?1
D$25&-(>1SJY
Y
zuA^*/-v$s¼^2/v$s¨^
43

_
Õ
Õ
VCY00
Ñ
V#d
Ñ
VV-P
T
Ë
WBÎ),jSiSi,/.5YiÜLP0#Òô!<M-,/&HY5-NP;Y7`µ4+1
&N.+039
4+(¾9Aô!2Q1
85(:,;&f.+9S/<(+2Q.fi.+<NM×52585((+9[1[D$9n,/&f[?-,;.>.+9S;<(:,;9
&IM39
<&?N1
4+@3}
!<ND$254',/851SD$25(>*9-?.!1
&?.>9S;<N(',;9&.5P/Y
Y
zuv$x6/-v$s$c
¤
x¼^7/-vs¨^

&

_
Õ
Ó
Ñ
CY00[_
É
Ë
_xdx_
É
ÑÂ
P
T
Ñ
WBÎF*-,/(+*1DYßæEPË	ºP/YéÁ,;&2514p1&?iº9
&-Sj,;&2514lÎ[1n
25.QYÎ),iS/25@
Ym!2568r94+k3Y_
ÕÑÂ
P
T
Ó
WflÍ31
MN4+25@-k
9NYo]^Pi]^P9#Fè1@
9
4>9n1YQlPiéµP/Y%'&-(+25f4+1Sýµh-<1(',/9
&.:d
Þ
ô!2xAJ254+2Q&852p(>2CÚ(5YCº9-9
4+?N*9Gfi%'&-(5P
]µ<NM-SJP/Yoé2C,;?2Q&HY
_
ÕÑ
É
P

Ñ
